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TIME-DELAY OPERATORS IN SEMICLASSICAL LIMIT. II.
SHORT-RANGE POTENTIALS

XUE-PING WANG

ABSTRACT. This work is a continuation of [27]. We prove that quantum time-
delay operator localized in a nontrapping energy interval is in fact an A-pseudo-
differential operator with the A-principal symbol given by the classical time-
delay function composed with the incoming wave operator in classical mechan-
ics. The classical limit of time-delay operator is also given.

1. INTRODUCTION

Let Hé’ = —th, H" = Hé’ + V(x), where h €]0, h;] is a small parameter
and V is a real, smooth function on R" satisfying, for some & >0,

(1.1) PV (x)| <c (x)" TR xeR", aeN".

Here (x) = (1 + |x[))"*. Put Uy(t, h) = exp(ih™'tH}) and U(t, h) =
exp(—ih_ltHh). Define the wave operators W, _(h) by
W, (h) = slim U(t, h)"Uy(t, h), in L*(R").

t—+o0

Let S(h) = W+(h)*W_(h) be the scattering operator. Then it is known (cf.
[1, 2, 13, 23-24], and references cited therein) that the time-delay operator for
the scattering process (Héz , H h) , defined by taking the large space limit of the
difference between sojourn times of the free and interacting particles, exists and
is given by:

(1.2) HYT(h) = 1S(h)"[S(h), A(h)], A(h)="%(x-D_ +D,-x).

Equation (1.2) makes sense on the set D = {f € L*(R"); f € Cy(R"™\0)}. In
classical scattering theory, there is a time-delay function defined via sojourn
times of classical particles (see [11]). Consider the Hamilton system:

{q'(t) =2p(1), q(0) = x,
p(t)=-VV(q(),  p(0)=¢.
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If (gq(¢; x, &), p(t; x, &) is a scattering trajectory, i.e., lim|q(¢; x, &)| = +o0,
then the classical time-delay function 7 can be defined at (x, &) and is equal
to:

(14) 7(x. &) = 5 { lim_(a(6) = 26p(0)-p(0) - i (a(0) ~ 200(0) - ()}

E = |él2 + V(x). In this paper, we use the following nontrapping assumption
to assure 7 to be defined. Let J C]O, +oo[ be an open interval. We shall call
J an interval of nontrapping energy, if for every subinterval I cC J, and for
every R > 0, there exists 7, > 0 such that

(1.5) lg(z; x, &) >R, for i =1,

and for (x, &) ep_'(I) with |x| < R. Here p(x, &) = l§|2 + V(x). From our
earlier works, it is clear that the nontrapping condition is important in studying
semiclassical propagation properties of scattering states for H' " See [25, 26].

Before stating the main results of this work, let us introduce some notations.
For £ €]0, 2[, d >0, R >0, we define:

Q. (e,d,R) ={(x,&) eR"; 23 -E>—1+¢, &)’ > d, |x| > R}.

Here % = x/|x| and & = &/|¢|. Put Q(e, d, R)=Q, (¢, d, R)NQ_(¢,d, R).
For m € R, introduce the class of symbols on R™:

S"={ae COR™); 050  a(x, &) < C,y(x)" "),

Put (e, d, R)={acS";suppac Q (e,d, R)} and S, =S} (¢,d, R),

where the union is taken over ¢ €10, 2[, d >0, R> 0. If a(h) € C°°(R2")
has an asymptotic expansion of the form:

a(h)~ZhN+jaj, ajeSm_j,
=0

we shall just write: a(h) € S™ N Similarly, we can define the elements
for S;"’N. For a symbol a(h), we define an Ah-pseudodifferential operator
(h-y DO) by

a(x, hD; hyu(x) = (2nh)™" // e a(x, & hyu(y) dy dE,
(1.6)

uePR".
In the following, we shall not distinguish an #- DO from an A-admissible
operator in the sense of Helffer and Robert [4], which is, by definition, an A-

w DO modulo an error of order O(h*) in .&¥ (Lz). The main results of this
paper are the following.
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Theorem 1. Assume that V satisfies (1.1) and J is an interval of nontrap-
ping energy. Let a,b € C;°(R}) or a,b € SS N S° . In the former case,
we shall write: a(x,&) = a(x), V¢ € R", etc. Let [ € C;°(J). Then
a(x, hD)f (Hé’ VT(h)b(x, hD) is an h-wDO of order zero. More precisely, there
exists t(h) € S°°, 1(h) ~ Zjio hjtj, with
(1.7)

lla(x, hD)f(H(';)T(h)b(x, hD) — t(x, hD; h)|| 5 ;2 = o(h™), h—0

Moreover, t,(x, &) = a(x, &)b(x, &) f(1E])) 10 Q% (x, &). Here T is the classical

time-delay function and Q% s the incoming wave operator in classical mechanics
defined by

Q%(x, &) = lim ¢~ ogy(x, &), E#O.
Here ¢' = (q(t), p(1)) = (x + 2t&, &) is the solution of (1.3) and ¢y(x, &).

From Theorem 1, we can easily derive the classical limit of 7'(4) applied to
coherent states. For this purpose, it is natural to regard x and ¢ as symmetric
variables. Thus introduce U, by ‘

U fx)=h""fn"?x),  feLl*R".

Put: ﬁg =U, Hé’ U,, " = U, H" U,. Then the time-delay operator corre-

sponding to (ﬁg , ﬁh) is given by
(1.8) T(h)=U,T(h)U,.

Theorem 2. Under the assumptions of Theorem 1, let (x,,&,) € R2", with
Iéol2 €J,and feCy(J) with f(léo|2) = 1. Denote

W, (xy, &) = exp(ih™(x -& - x,- D).
Then one has

(1.9)  lim (W, (xg. &) ()T )W, 3. &)+ 8) = 10 2L (x,, &S 8)

forany f,ge L*(R").

Theorems 1 and 2 illustrate clearly the relation between quantum and clas-
sical time-delay. Remark that semiclassical approximation of scattering quan-
tities was studied by several authors. See for example [18-20, 27, 28]. In
particular, in [18], Robert and Tamura considered the asymptotic of trace of
on-shell time-delay operator T(A, h) € & (LZ(S"")) under the assumption
V(x) = O(lx|”""%). In [27], I proved Theorems 1 and 2 for ¥ € C;°(R").
The method used there is based on the correspondence between quantum and
classical dynamics [21, 22]. By that method, the leading term of 7'(k) in semi-
classical approximation is easy to find. But serious difficulties arise in estimating
remainders. In this paper, our proof for Theorems 1 and 2 relies heavily on
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energy decay estimates given in §2. These estimates enable us to obtain that
there exists 7;, > 0 such that, with suitable microlocalization, one has:

(1.10) W (h)=U(t, )" T*Uy(t, h) = O(h*), in 2L

for +¢ > T,. Here JE is outgoing (or incoming) A-parametrix constructed
with a phase slightly different from that of Isozaki and Kitada [6]. Notice that
the method of this paper can also be used to study the semiclassical approxima-
tion of wave operators. In this case the nontrapping condition is not needed,
for the classical wave operators are well defined for (x, ¢) € R®™ with E#£0.
See [16].

The organization of this paper is as follows. In §2, we give microlocalized
energy decay estimates for U(z, #). The difference between Proposition 2.1
and my previous works [25, 26] is that under suitable microlocalizations, we
can obtain estimates of the form: O(hN(t)_N) ,for ££/ >0 and forany N > 0.
These estimates are crucial to the semiclassical approximation of T(4). §3 is
devoted to classical dynamics. In §4, we give proof for Theorems 1 and 2.
Finally we recall in the Appendix a semiclassical Egorov theorem, which is used
in §4.

2. MICROLOCALIZED TIME-DECAY ESTIMATES

In this section, V' is assumed to be a long-range potential satisfying, for some
e, >0
(1] )

(2.1) 5V (x)| < C(x) 7", xeR", aeN"

We want to give some microlocalized time-decay estimates on U(z, 4). In the
case of fixed 2 > 0, this type of question was considered by several authors (cf.
[3, 5-9]). In the semiclassical case, the local geometrical form of the potential
plays an important role. By method of incoming and outgoing parametrices of
Isozaki and Kitada, I proved in [25, 26] that the nontrapping condition (1.4) is
both necessary and sufficient to obtain optimal results of the form

1(x)’ by (x, AD) f(HU(2, BY(x) "= 0((0)™"),  Ft>0,

uniformly in 4 €]0, k)], where b, € Si, fe Cy(J) and s,r > 0. The
following improvements are useful to semiclassical approximation of 7'(h).

Proposition 2.1. Assume that V satisfies (2.1). Let J be an interval of nontrap-
ping energy. Let f e C;°(J), and m € R. Then we have:

(i) Forany a,d, R, > 0, there exists R = R(a,d, R;)) > 0 such that for
any x € C§°(BR0), b, €S}(o,d, R), one has

(2.2) Nxf(H"YU, b, (x, hD)|| < Cyh™ ()™,  4t>0, 0<h<hy,
forany N eN.
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(ii) Assume that b, € S} (o, ,d,,R,) with 6, +06_>2 and R, + R_
large enough. Then for any N € N, one has
(2.3) 1, (x, kD) f(H"U(t, Wb (x, hD)|| < Cyh™ ()™
Jor ¥t >0, h€]0, .
Proof. Tt can be easily checked that (2.2) and (2.3) are true if we replace H"
by Hé’ and U(t, h) by Uy(t, h). In the general case, we follow the line of [25,
26]. By constructing outgoing and incoming A-parametrices as in [25], making
use of Theorem 1 in [26], we can compare directly U(z, h) with Uy(z, #) and

derive the desired results by the arguments already used in [25]. The details are
omitted. O

Corollary 2.2. Let S = US,(o,d, R), where the union is taken over ¢ €
10,2[, d >0, R>0. Forany x,, x,€ C;°(R}), b, €S}, there exists some
T, > 0 such that

(2.4) I, FEDUE, Dl = 0= 0)™®), 11> T,

(25) | SHDU@, hby(x, hD)[| = Oh®()™®),  £t> T,

If B, €S} (0,,d,,R,) with o_+0d_> 2, then there exists T, >0 such that

(2.6) |lbL(x, hD)f(Hh)U(t, h)b,(x, hD)|| = O™ (1)™%), +t> T,

Here f € C§° (J) and J is an interval of nontrapping energy.

Proof. Take g € Cy°(J) such that g =1 on supp f. Then we can write
g(H")1,(x) = b(x, hD; h) + R(h)

where ||(x)NR(h)(x)N|| = O(h") for any N > 0 and b(h) is a symbol with
support in {(x, &); x € supp x,, p(x, &) € supp g} . By a semiclassical Egorov
theorem (see the Appendix), one has

U(T, h)b(x, hD; h) = bp(x, hD; h)U(T, h) + R,(h), T>0,
where R,(h) has the same properties as R(4) and
(2.7) supp b,.(h) C suppb(¢™ ", h).

Here ¢' is the Hamilton flow for p = |§|2 + V(x). Therefore if (x,¢&) €
supp b (h), we can write: (x,¢) = ¢T(y, n) for some (y,n) € suppb(h).
Since |y| < R, for some R, >0 independent of T, the nontrapping assump-
tion implies that for any R > 0 there exists 7; > 0 such that for 7 > T,
supp b, (h) C Q,(1,d,, R). If R > 0 is large enough, we can apply (2.2) to
obtain that

(2.8) |, SHU(, bb(x, hD; h)|| = Oh™()™®), 1> T,
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From Theorem 1 in [26] and (2.8), one derives (2.4) for ¢ > T,. The case
—t > T, can be obtained by taking the adjoint. Equations (2.5) and (2.6)
can be proved in the same way. It should be noticed that if I is a compact
subinterval contained in J, then there exist C > 0 and ¢, > 0 such that
lq(t; x, &) > C(|x|+1|E]), for t > 1y, (x, &) €suppb, Np~'(I). In particular,
one can derive that for any ¢ > 0 and R > 0, one can take 7" > 0 large enough
such that
¢ (suppb, Np~'(I)) cQ,(2-¢,d, R).

This enables us to obtain (2.5) and (2.6) from Proposition 2.1. The details are
omitted. O

3. CLASSICAL DYNAMICS

From now on, the potential V' is always assumed to satisfy (1.1). In this
section, we want to establish some results on classical dynamics, which are
useful in the next section. Our first result is concerned with an improvement
of a result of Isozaki and Kitada [6, Proposition 2.4]. This improvement is of
course due to the short range assumption on V', but it does not follow directly
from the construction given in [6].

Lemma 3.1. Let V satisfy (1.1). Then for any €¢,d > 0, there exist two real

Sunctions ¢, € C°°(R2") such that for R large enough, ¢ satisfies the eikonal
equation

(3.1) IV b (x, O +V(x) = & inQ,(e,d, R}
and for any multi-indices o, f € N",
(32) 1000l (h,(x, &) —x, O S Cpylx) ™™, (x, ) e R™

Proof. Let ¢'(x, &) = (q(t; x, &), p(t; x, &)) denote the solution of Hamilton
system (1.3). Then we can verify that for 0 < ¢ < 2d > 0, there exist some
C >0 and R, > 0 such that for R> R, (x,¢)€Q, (e, d, R), we have

(33) ¢'(x,&)€Q,(e/2,d/2, R/C) and |q(t; x, &) > C (x| +1i¢))

for all ¢+ > 0. Using the expression

t
p(t;x,é)=¢—/0 VViq(s; x,&))ds,
we can easily derive that
Ip(t; x,&) =& <C(x)”' "%, forallt>0.

For |x| > R, define T (¢, d) = {£ € R"; (x,&) € Q,(¢,d, R)}. From the
above estimates, it follows that for R > 0 large enough, and for fixed x with
|x| > R, the map ¢ — p(¢; x, ) is a global diffeomorphism from T (¢, d)
onto its image, whose union, when x ranges over the domain {|y| > R},
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contains a set of the form Q_(2¢, 2d, CR) forall 1> 0. Let ¢ — 7n(t; x, &)
be the inverse to & — p(t; x, ¢). Put

y(t;x,8)=q(t; x, n(t; x,E)).
Then one has:

y(t; x, &) =x+2t£+/t2sVV(q(s;x, n(t; x,&))ds
0

= x + 2t& + O({x)~ ).
From this estimate, one derives easily that V, y(¢; x, &) = I + O( (x)"%). With
a little more work, we can in fact prove that
(3.4) V(s x, &) =1+0((x)" %)

uniformly in ¢ > 0. Finally we define as in [6]
t

u(t; x, &) =x.¢+/0 (p—x-VV)($ (x, ) ds,
é(t; x, &) =u(t; x, n(t; x, %))
for (x,¢) € Q (e,d, Ry), with Ry = R (¢, d) large enough. Then by the
Hamilton-Jacobi theory,
a5 [ BxO= 1P+ V(Ved(ts x, &) = |V, 8t x, O + V(x),
’ $0;x,&) =x-¢& for(x,&)eQ, (e,d, Ry
and

(3.6) 9.¢(t;x, &) =mn(t;x,8); 0:9(t;x,8)=p(t;x, ).

Now instead of taking ¢, as the limit lim,___(¢(¢; x,¢) — ¢(¢; 0,¢)), we
define it as

¢,(x, &) = lim ((1; x, &) — 1lél).

Then ¢, satisfies the eikonal equation in Q (¢, d, R;) and

+

¢+<x,¢>—x—c=/0 TV x.e)dl, (x. 8 eQ, (e, d, Ry).

From (3.4) and similar estimates over higher derivatives, it follows that (3.2)
is satisfied. Now to finish the proof of lemma for ¢_, it suffices to introduce

a suitable cut-off function to make ¢, globally defined on R . ¢_ can be
constructed in a similar way. O

Take x € C;°(R"), x(x) =0 for |x| <1, x(x) =1 for |x|] > 2. For
R, > R, replacing ¢, by (¢, (x,¢)—x-&)x(x/R,)+x-¢ in (3.1), one sees
clearly that we can assume without loss that ¢ satisfies:

(3.7) IV ¢, (x, O +V(x) =&’ inQ(e,d,R,),

(38)  1000f (p.(x, &) —x O < RTMx) T, (x, 6 eRY,
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with ¢, +¢,=¢,, & ;2 0,and C, 8 independent of R, . For R, large enough,
the maps £ -V ¢, (x,¢), x =V éqb 4(x, &) are global diffeomorphisms. Let
ny(x, &), y.(x,&) denote the inverse diffeomorphism:

2
(39) Vx¢:{:(x’ r’:}:(xa é))__-é’ V§¢i(y:}:(x’é)3é)='xa (xs é)eR §

Lemma 3.2. Let (q(t; x, &), p(t; x, &) denote the solution of the Hamilton
system (1.3). Then for any o,d >0, there exists R, > 0 such that for (x,¢) €
Q_ (o,d, R,), one has

(3.10) q(1; x,&) = Ve, (x, n,(x, &) + 2, (x, &) + O() ™), 1 *oo.
In particular for (x,¢)€Q, (0,d, R)),
{V(}Si(x ne(x, &) =x+ [FCsVV(q(s; x, &) ds

ne(x, &) =¢&= 77 VV(als; x, &) ds
Proof. Consider only the case ¢t — +oo. Recall that for (x,¢) € Q (0,d, R))
with R, large enough, one has

¢,(x, &) = lim (¢(1;x,8) 1)
where ¢(t; x, &) satisfies (3.5) and (3.6). It is easy to check that
9:9(t;x,8) =V, (x,8)+2tC+0(1), t — +oo.

Since for (x,¢) € Q, (g,d, R,), the limit 7(co, x,¢) = lim,_, _n(t; x, <)
exists and

0507 a5 x, &) < Coplt),
050, (n(t; x, &) = n(oo, x, O < C,py()” 7%,
one derives from the equality Béqb(t; x,E =q(t; x,n(t; x,&)) that
(3.12) q(t; x, n(oo, x, &) =8¢, (x, &) +28+0(l),  t— +oo.

Noticing that n(co; x,¢) =lim,_, V ¢ (1;x,&) =V, ¢, (x,¢), (3.10) for
t — +oo follows easily from (3.12) by returning to the Hamilton system. O

(3.11)

Remark that for the phase functions constructed by Isozaki and Kitada, one
has
q(t; x, &) =ay(x, &) +2m, +o(()™"), t — Foo,
where a, (x, &) = V¢, (x, n.(x, ) +b. (), by # 0. Thisis clear from their
definition of ¢ 4 and from an estimate similar to (3.2). Now let o, d,and R,
be as in Lemma 3.2 and ¢, be solutions to the eikonal equation constructed
in Lemma 3.1. Let ay 4+ denote the solution to the equation

(3.13)  2V,¢,-V,a, ,+Ad.a, ., =0, inQ,(20,2d,2R,),
with the condition a, ,(x,&) = 1 +0({(x)™™), (x,&) € Q,(20, 2d, 2R,).

Such solutions exist [25] and are in fact the principal symbol of the outgoing
and incoming A-parametrices used in §4.
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Lemma3.3. Let q, . be defined as above. Then for (x,¢&) € Q, (20, 2d, 2R,),

one has i
ay 4(x, &) = |det(d,0,0, (x, &))",

Proof. Consider only 4, . . As in [25], we can write

1 [+oo
2 a t;x,8),8)dt
ao,+(X, ) =e2fo @, (p(t:x,8),8)

where p(t) is the solution of the problem
pt)=V,¢,.(p),¢), p0;x,8)=x
By the proof of Lemma 3.2, ¢,(t; x, &) =q(t; x, V, ¢, (x, &) satisfies
90;x,8) =x, lim,___qy(t;x,¢) =2,
{ 0.4y(t; x, &) =0,8,¢,(x, &) + O({t)"), t — +o00.
In addition, by the Hamilton-Jacobi theory, we have:
Go(t; x,8) =V ¢,(q(2; x, &), &).

This means: p(t; x, &) = qy(t; x, &) for £ >0 and (x, ¢§) € Q, (20, 2d, 2R))
with R, > 0 large enough. From Liouville theorem (see [12]), we obtain

(3.14)

exp ( /0 AB,(g(s: %, &), é)dS) — |det(dq(1: x, ).

Utilizing (3.14) and taking the limit ¢ — 400, we obtain Lemma 3.3. O

4. SEMICLASSICAL APPROXIMATION OF TIME-DELAY

Our study of time-delay operator T'(h) is based on (1.2). Let J be an
interval of nontrapping energy. For f e Csx’ (J), one has

(4.1) SUH)T(h) = f,(Hy)S(h)[S(h) , A(h)]

where f|(f) = f(t)/2t, t > 0. Therefore, the semiclassical approximation of
T(h) is closely related to that for S(k). However, as already remarked in [27],
although S(%) can only be approximated by Fourier integral operators, 7'(h)
can be well approximated by A-w DOs. We begin with constructing approxi-
mation for wave operators.

For d > 0, take y € C™(R) such that x(4) =0 for A< d/3 and x(4) =1
for A>d/2. For ¢ >0 small enough, choose p € C™(R) such that p(r) =0
for r < —¢ and p(r) =1 for r>0. Let 6 € C;°(R"), 6(x) =1 for [x|< 1.
Then we have for any R >0,

X(HY) =0 (%) x(Hy) +b_(x, hD) + b, (x, hD)

where

~

b_(x,8) =(1-0ENxE)(1-pE-E-1+e),
b,(x, &) =(1-0ENxEM)pE, E-1+e).
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Denote E,(h) the spectral projector of H(})' onto the interval [d, +oof.
From the estimates

16 (%) x(Hy)Uy(t, h){x)~ 1|l<C(>"‘, teR,
I1b_(x, AD)Uy(t, h)(x) ' < Cy™", >0,
we derive easily that for f € RanE,(h),
W(h)f— hm Ut, h)'U, o(t, h)f

(4.2) ’ P
= lim U(t, h)"b L(x, hD)Uy(t, h)f in L°(R").

t—+co
W, (h) = s-im{U(z, h)" T (a, (W) Uy(t, WU, kY T (0) Uyt h)1}
on RanE,(h).
Lemmad.l. Thelimit slim,_,_ Uy(t, h)*J*(b)"Uy(t, h) existsin L*(R") and
is equal to I on the range of E (h):
(4.3) Jim_ Uy(t, R JT () Uy(t, h)f=f, VfeRanE,(h).
Proof. We give only the proof of (4.3). Notice that

IHO) ux) = @an)" [ NI, g muy) dy de.

where C(y, &; h) = Ve 00 O/p, &y For fixed h > 0, C(h) € S°.
Therefore, if C W(x; hD; h) denotes the h-y DO with Weyl symbol C(k),
then

JHb) =C%(x, hD; h)y+r/(x, hD; h)

where r (h) € S™'. An easy calculus gives

s-lim Uy(z, n" T (b) U,(t, h) = s-lim Uy(t, nyc” (x, hD)U,(t, h).

Uy(t, h)*C” (x, hD; h)Uy(t, h) is an h-y DO with the Weyl symbol
Cx+2tt,E;h). As t —» 400, b(x +2t£,&) — 1 for |§|2 > d and by
Lemma 3.1:

(X +28) &= ¢, (x +2E; O S Clx +28) ™0 -0, [ > d.
Therefore, CW(x +2thD,hD; h)f — f for any f € RanE,(h). This proves
(4.3). D

According to Lemma 4.1, for f € RanE,(h), (4.2) is true for any & > 0,
R > 0. Similarly,

(4.4) W_(h)f = lim U(t, h)"b_(x, hD)Uy(t)f
where b_(x, &) =(1- 0(%))x(lé|2)p(—l +e —)?-E) . We want to prove that for
some parametrices JE (ay(h)),

(4.5) W, (h) = sllm U, h" J* (a (h)Uy(t, h) on RanE,(h).

t—+oo
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In fact J* is just an outgoing (incoming parametrix constructed as in [25].
However as remarked in [10], for phase functions given in [6], one cannot have
(4.5). But we shall see that with the modification on the phase functions given
in Lemma 3.1, (4.5) is really true.

Let ¢ > 0, d > 0 be sufficiently small and ¢, solutions to (3.7). For a

symbol a, denote by J i(a) the Fourier integral operators defined by:
46  T@utn = @an)y " [[ I e, gy dy d
R n

for u e #(R"). Let a_(h) denote the h-parametrices constructed from ¢
given above, by a procedure completely similar to that described in [25] (see
also [6]), such that if we define

4.7) ro(h) = e =M H" 121 (e a (h)),
then r,(h)€S;"'(e,d, R,) and
(4.8) ro(x, & h)=0h=(x)"%), for(x,¢&eQ,(2,2d,2R).

For b, defined in (4.2) with R>> R, we can find b € Sg such that

— -1 . e
(4.9) {b("’é)‘”‘)(m ) inQ, (2-%,d,4R),

J (a (h)J"(b)" =b,(x, hD) # ry(x, hD; h)
with r,(h) € S;' "' From (4.2) we have

W, (h)f = lim U(t, h)"J"(a,()Uy(t, H)f in L*(R")

+

or formally,
+00
(4.10) W, (h) = J"(a,(h)+ ik U(t, )" J"(r (R)Uy(t, h)dt
0
on RanE,(h). (4.10) shows that JH(a .(h)) is a good approximation for

W._(h). Similarly, we can show that J (a_(h)) is a good approximation for

W_(h). Put
W, (t, h)=U(t, h) T=(a (h)Uy(t, h).
Then by the completeness of wave operators, one has
(4.11) S(h) = s-lim W (¢, h)"W_(-t, h) on RanE,(h).
{—+00
Lemma 4.2. Let J be an interval of nontrapping energy, x € C(‘)’o (J), ¢ €
C;°(R"). Then for any s € [-1, 1], one has

(4.12) 14Y x (H"YW, (¢, h) f(H)(4) || < C
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uniformly in t € T, h €]0, h,]. Here A = h(x-D,+ D, -x)/2, (4) =
(1+4/)"2.

Proof. Consider only W, (z, h). By the construction of J™(a,(h)), one has

(4.13) W,(t, h)=J"(a, (h)+ ik~ /l U(-t, h)J Uy, h)dt
0

where J* = J(R,(h)). Clearly it suffices to discuss the commutator of the
second term in the right-hand side of (4.13) with 4. Take x,, x, € C5(J)
with x, =1 on suppy and x, =1 on supp x,. We can write

[4, x(H"U(x, h)" T Uy(z, h) f(H)]
=4, x(H"NU(z, h)' 3, (H" T Uy(x, h)f(Hy)
+x(H"U(x, h)'[4, T 1Uy(t, h)f(Hy)
+x(
+X

Hh) h
(H")

Uz, WA, x,(H)T Uz, h)f(HY)

U, ) T Uy(x, b4, f(H)]

+/ X(H"YU(s, h)'VU(s —t, hydsy,(H" )T Uy(t, h) f(H})
0
+ 2ty (H"U(x, by (JTH! = H' T)U,(x, h) f(H,)
6
=Y Bt,h).
Jj=1
Here we used the commutator relation
’ ~
[4, U(t, b)) = 2tH"U(t, h) +/ U(t—s, h)VU(s)ds
0

with V = x - V.V =2V. To estimate the B(t, h) we need the following two
estimates:

(4.14) ‘ <C

/Tx(Hh)U(S, H)'VU(s; h)x,(H")ds
0

uniformly in 7 € R,  €]0, ], and for any ¢ € C°(J), b, € S;'*ns”"?,

(4.15) /0 1b,(x, hD)U(s, hp(H")g|ds| < Cllgll?, g€ L*R")

uniformly in t € R in & €]0, A,]. (4.14) was proved in [27]. To prove (4.15)
recall that I proved in [25] that for b, € Si , §>1,

1(x) *R(A %00, k)b, (x, kD)(x)" || < Ch™", 1€l
Therefore if b € SS N SO_ ,and s =0, 1, one has

116) *b(x, hD)R(A+ i0; h)b(x, hD){x)* '] < Ch™".
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By an easy interpolation, one obtains
(4.16) 1(x) " 2b(x, hD)R(A % i0, h)b(x, hD)(x)~"*|| < ch™".

From (4.16), one can derive (4.15) by the local H"-smoothness of b,(x, hD).
See also the proof of Proposition 2.3 in [27]. Since r (h) € S:l’l(e, d,R))
and r, (x,¢; h) = O(h™(x)"") in Q_(2¢, 2d, 2R|), we can write

J* = h{b,(x, hD)J " (r,(h))b,(x, hD) + J " (ry(h))}

where b, € S7'2nS='%, r/(h) € S°° and r,(h) € S™°. From (4.15) and
a similar result for Uy(z, h), we derive easily that
(4.17)

/’ U(t, h) o(H") T Uy(e, ) f(H!)d1|| < Ch
0

uniformly in ¢ € R and 4 €]0, h,]. Since [4, J "] has similar properties as
J*, it follows from (4.17) that

t
(4.18) ‘/h_lBj(t,h)dr <c.  j=1.2,
0

uniformly in ¢ and 4. By the relations (see [27])

i[4, x,(H")] = hQH" ,(H") + R, (h),
i[4, f(H)) = h2H) f'(Hy),

where R,(h) is an h-admissible operator in the sense of [4] with order —1 —¢,
in x, we can easily prove that (4.18) is also true for j =3, 4. For j =5, one

has
“/OIBS(I, h)dt )
)

< <su?p‘ /Otx(Hh)U(s, h) Vi, (H"U(s, h)ds

(4.19 y

/otxz(Hh)U(Ta hY* T Uy(z, h)f(HY)d

< Ch

uniformly in ¢. Here one used (4.14) and (4.17). Finally for j = 6, we notice
that ¢ _ solves the eikonal equation on suppr, (). Hence,

JYH) — H'* = JT(7Fh))
where 7(h) € S:Z’z(a, d,R,) and
Flx, & h) =0h™(x)"") onQ,(2,2d,2R,)).
Since 7f (Hé’ )Uy(t, h) can be written as

Tf(H)Uy(t, h) = if,(H)IA, Uy(t, W1f,(Hy),
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where f,(A) = 4 f(4) and f, € C;°(R"), f, =1 on supp f, we can derive
from (4.17) that
t
(4.20) “/ By(t, h)d) 'de|| < Ch, R €0, k),
0

uniformly in ¢. Now from (4.14) and (4.18) to (4.20), it follows that

h h -
Ay (H" YW, (2, W f(H)A < C
uniformly in ¢ and 4. Similarly we can prove that
- h h
16A) ™ X (HYW, (¢, h)f(H")(4)|| < C’
uniformly in ¢ and 4. Equation (4.12) follows by interpolation. O

Now let y € C;°(J). Take x; € Co°(J), j=1,2,suchthat x, =1 on
suppx and x, =1 on suppy, . Put

S(t, h) = x,(HOW,(t, )" 2, (HYW_(=t, h)x(Hy).
By (4.11) and Lemma 4.2,
(421)  1,(Hy)S (WAS(h)x(Hy)f = lim S(1, h)" AS(, h)f
for all f € Z(A4). We can write

S(t, h)"AS(t, h) = S(t,, h)" AS(ty, h)

(4.22) + I{Rl(r)*AS(r, h) +S(r, h)" AR (r)

+R,(r)"AS(r, h) + S(r, h)" ARy(r)} dr
where
R,(t) = xy(Hy )R, (t, h)" x,(H"YW_(~t, h)x(Hy),
Ry(t) = —x,(Hg )W, (t, h)' x,(H")R_(~t, h)x(Hy), and
Ry (8) = ih™'U(t, h)" T (r () Uy(t, h).
Recall that r, (h) = e—i'i’i/h(Hh - Iélz)(e_i¢i/hai(h)) and a_(h) (a_(h), resp.)
is an outgoing (incoming, resp.) A-parametrix.

Proposition 4.3. Let b € SS NS° . Assume that suppb C {(x,¢) € R,

|X -EI <1-0}, 6 >0. Let J =]a, b[ be an interval of nontrapping energy.
For 0 <¢ <0, 0<d <a,let a (h) be the parametrix constructed in
Q,(¢,,d,, R,) as before. Then with the above notations, there exists T, > 0
such that for any N €N,

(4.23) AR, (t, hb(x, KD)|| < Cyh™ ()™, fort>T,, j=1,2.
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Proof. Consider first the case j = 2. By Lemma 4.2,
lAR,(t, h)b(x , hD)]|
< Ch™ "\l (H"U(t, h)J ™ (r_(h))Uy(~t, h)x(Hy)b(x , hD))|
< Ch™ NI (F_ (W) Up(=t, W)x(H})b(x , hD)|
where 7_(h) is determined by 4J (r_(h)) = J (¥_(h)). Consequently, 7_(h)

€ S)'(e;,d,, R,) and F_(x,&; h) = O(h™(x)™%) in Q,(2¢,,2d,,2R,).
7¥_(h) can be decomposed as

r_(h) =r (h) + ry(h) + ry(h)

where suppr,(h) C {(x,&);|x| < IR}, suppry(h) C {(x,&),-1+¢ <
%, &< 143, ) > 3d,, |x| > 3R,} and ry(h) € ST ™. Since 3¢, <0,
we derive from Corollary 2.2 (for Uy(z, h)) that there exists 7, > 0 such that
197 (F_ () Up(—t, h)x(Hg)b(x , kD)) = Oh™®(1)™%),  ¢>T,,
This proves (4.23) for j=2.
For j =1, one can write
t
(4.24) W_(—t,h)=J (a_(h)) - ih_'/ U(s; h)J (r_(h))Uy(=s, h)ds.
0

By Corollary 2.2 and the construction of r_ (), we can easily check that there
is T, > 0 such that for any m >0,

(4.25) ||AJ*(r, ()" Ut + 55 Wy (H') T (r_()x)" || = O(h* (¢ +5)™)

for t+s > T,. From (4.25), it follows that
(4.26)

HAJ*(r+(h))* fo Ut +5; k), (H")J~(r_(h))Uy(~s, h)x(H)b(x , hD)ds

=0 (1)™%)

for t > T,. Since b € SS(O’, d,, R,), choosing a larger R, = R,(¢,, d,) if
necessary (see (3.8)), we can prove by the calculus of Fourier integral operators
that

J (a_(h))b(x, hD) = b(x, hD; h)J (a(h)) + J (r(h))

where 7(h) € S™°%, G(h) € $*°, and b(h) € $2°nS°° with support

contained in {|X, &| < 1 —g/2}. Therefore by the construction of r . (h), there
exists some 7, > 0 such that

|4 (r ()" U(t, h)x,(H")J‘(a_(h))x(Hé’)b(x, hD)||
(4.27) < O™ (1)) + CllAT " (r (W) UL, h)xl(Hh)b(x, hD; h)||
< O™ (™), t>T,
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From (4.24), (4.26), and (4.27), it results that:
Il4R (1)b(x , hD)|
< CIIAT T (r, () UL, b (H")YW_(t, h)xy(Hy)b(x , hD)]|
< O™ (™)
for ¢ > T},. This finishes the proof of Proposition 4.3. O
Now since T(h)f(Hy) = f,(H{){A — S(h)" AS(h)}x(HY), where f (i) =

% f(2) and x(A) =1 for A € supp f, it follows from (4.21) and (4.22) and
Proposition 4.3 that the following result holds.

Corollary 4.4. Let J be an interval of nontrapping energy, f € C§° (J). Assume
a,be Sg N SE . Then there exists some T, > 0 such that

(4.28) |la(x, hD){T(h)f(H,) - f,(H})

X (Ax(Hy) = S(t, b)) AS(t, ))}b(x , hD)|| = O(h™)
uniformly in t > T,. Here S(t, h) is defined as in (4.21). In particular,
a(x, hD)T(h)f (Hé’ Yb(x, hD) is an h-pseudodifferential operator.

Proof. By the calculus of Fourier integral operators (see, e.g., [25, Appendix])
and the semiclassical Egorov theorem (see Theorem A, Appendix), one sees
clearly that S(t, h)*AS(¢, h) is an h-pseudodifferential operator. Equation
(4.28) follows from Proposition 4.3. From this it is also clear that the re-
mainder in equation (4.28) is in fact a smoothing operator. So it follows that
a(x, hD)T(h)f (Hé' Yb(x, hD) is an h-pseudodifferential operator with symbols
equal to that of a(x, hD)f,(H,)(Ax(Hy) — S(t, h)* AS(t, h))b(x, hD) up to
an error of order O(A™). O

In the following we shall compute the A-principal symbol of
a(x, hD)f(H))T(h)b(x , hD).
Our computation is based on the results of Lemmas 3.2 and 3.3.

Proposition 4.5. For b € S™, a; € Sg N SE, there exists t, > 0 such that for
t> 1,

a,(x, hD)W_(—t, h)"b(x hD)W_(~t, h)a,(x, hD) = C(x, hD; h).

Here C(h) € S™ 0 admits an asymptotic expansion. C(h) ~ Z;‘ZO hjCj with
C, given by

Colx, &) = ay(x, &)ay(s, EHQT (x, &)).
Q‘ﬂ is the classical incoming wave operator.

Proof. Recall first that if d; € S§™  j=1,2,then
J7(d,))" T (dy) =e(x, hD; h)
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is an h-pseudodifferential operator with symbol e(k) € S”*"*°. In addition,
e(h) ~ 2, h'e; and e, is given by

a bl
(4.29) eo(x, &) =d\(y_(x, &), &)dy(y_(x, &), &) —yéz 2

By the Egorov theorem, U(t, h)*b(x, hD)U(t, h) is an h-pseudodifferential
operator with h-principal symbol b(¢'(x, &), where ¢' = (g(¢), p(t)) is the
Hamiltonian flow. From (4.29) one sees that

a,(x, hD)W_(~t, h)"b(x, hD)W_(~t, h)a,(x, hD)
is an h-pseudodifferential operator with /-principal symbol C,:
CO(X s é) = a](xa é)az(’xa é)d(x - 216’ é) 3

where
0
A9 =ty _(r_(x, ). 8| = x, Ol 0,
d(x, &) =b@'(y_(x,8), YV, ¢_(y_(x,8),%).

For (x, &) € suppa,, one has

|x — 2t&| > (x| + 2t|&]), >0, Vt>0.
Since y_(x, &) —x = O({x)"*), there exists some 7, > 0 such that (x,¢) €
suppa, implies that (y_(x —2t£, &), ¢) € Q_(2¢,, 2d,, 2R,) for t > 1,. Ac-

cording to Lemma 3.3, for (y_, &) € Q_(2¢,, 2d,, 2R,), a,(v_, &)*|0y_/dx|
= |det(8,0;¢_(v_, <)) = 1, since 0:¢_(y_(x,¢),¢) = x. Therefore for

t>ty, Co(x, &) =a,(x,&ay(x, E)d, (x-2&, ). Put ¢6(x, &) =(x+2t,8).
From the definition of Q¢ (x, &) [16], one sees that
Ql(x, &) =(q_(0;x, &), p_(0; x, &),

where (g_(t), p_(t)) is the solution of the Hamilton system (1.3) with the
condition

{q_(t;x,é)=x+2zé+o(1), t— —o0,

p_(t;x,8) =&+0o(1), { — —oo.
From the proof of Lemma 3.2, it is clear that for (x,¢) € Q_(2¢, 2d,, 2R),

R, > 0 large enough, g_(t;x,&) =q(t;y_(x,8), V,¢_(y_(x,¢), &)). This
means

QY (x, &) = (y_(x,8), Voo_(y_(x,8),&) for(x,&) eQ_(2,,2d,,2R,).
But for (x, {) € suppa,, t > t,, one always has
¢, (x, &) €Q_(2,,2d,, 2R)).
Therefore,
d (5 (x, &) =b(¢' 0 Q% 05" (x, &) = b(Q (x, &)).

In the last equality, we have used the intertwining property of classical wave
operators. O
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Proposition 4.6. With the notation of Corollary 4.4, for any a, b € SE N SO_ ,
there is t, > 0 such that a(x, hD)fl(Hé')(A —S(t, h)*AS(t, h))b(x, hD) is
an h-pseudodifferential operator of order zero in x and that its symbol has an
expansion of the form: C(h) ~ EC W, where Cis independent of t > t, for
all j >0 and

Colx, &) = f(E)alx, &)b(x, EToQ(x, &).
Here t is the classical time-delay function.
Proof. Recall first that xl(Hh) is an h-pseudodifferential operator with 4-
principal symbol y, (|¢ |2 +V(x)). From Proposition 4.5, it follows immediately
that a(x, hD)fl(Hh)S(t, h)*AxS(t, h)b(x, hD) is an h-pseudodifferential op-
erator and when ¢ > ¢, its A-principal symbol is given by

d(x, &) =a(x, &b(x, O, (1€ FQ(x, ),
where F is the A-principal symbol of W_(t, h)x,(H, )Ax2(H YW, (¢, h)*;
(4.30) F(x,&)=G(¢'(x, &)

and

G(-xa 6):a0,+(-x’ ’7+( ’ ¢'¢+(-x9 '7+('xa é))'"+(x9 f)

=20, (x, O xy(1m, (x, )}
By Lemma 3.2, n,(x, &) =&~ [ VV(q(t; x, &))dt is invariant by ¢';
r]+(¢ (x,8)=n.(x,¢), VieR, (x,{)e€Q (2,2, 2R)).
According to Lemma 3.3, for (x, &) e Q+(2£1 ,2d,, 2R,), one has

on,

57 = 1.

ay ,(x, n,(x, &)

By a direct computation, we can check that
Vo, (a(t; x,8),n,(x,8) =V, (x,n.(x,8)+2m,(x,&),
for (q(2),¢) € Q,(2¢,, 2d,, 2R,) with possibly larger R, . On the other hand,
for (x, &) € suppa, one has )?-E> —-1+0,0>¢ >0.1f [x| >R, with R,
large enough, then by the expression for Qc_l:
Ql(x, ) =(y_(x,9), V,6_(y_(x,),),

one can derive that
¢'(Q%(x, &) e Q, (2, 2d,, 2R,) forallz> 0.

If |x|] <R,, iélz € supp f, , then ch_l(x, &)| < C, where C depends only on
R, and f,. By the nontrapping assumption, there exists ¢, > 0 such that
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¢'(Q%(x, &) €Q,(2,,2d,,2R)), 1>1,
Summing up, we have proved that there exists ¢, > 0 large enough, such that
¢'(Q%(x, &) € Q, (2, 2d,, 2R,)

for 1 > ¢, and (x, &) € suppa, [¢ [2 € supp f, . From the definition of 7 and
Lemma 3.2, one see that

x, &) = M—;,é—)u_(x, & -1,(x,8),

where
(A) 1.(x,8) =V, (x, n.(x,8) n.(x,8), (x,8)€Q,(2,2d,,2R,)).
Now from (4.30) and (A), it follows that

(4.31) d(x, &) =a(x, Obx, O (1, - Q(x, &).

Here we have used the relation |17+(Q°_l (x, é))|2 = |é|2 and x, =1 on supp f .
Remark that 7, is well defined on p M), p(x, &)= |é!2 + V(x). For |é|2 €

J , we can check directly that 7_ -Qc_l(x, &) =x-¢. From (A) and (4.31), it
results that for ¢ > ¢, , the h-principal symbol of

a(x, hD) f,(H,)(A - S(t, h)" AS(t, h))"b(x , hD)
is f(1€Ma(x, Ob(x, &roQ%(x,&). O

Now we are able to give easily the proof of Theorems 1 and 2.

Proof of Theorem 1. If a, b € Sg NS° | the results follow from (4.1), Corollary
4.4, and Proposition 4.6. If a, b € C(‘)>o (R;) , notice that by Corollary 2.2 for
any N >0, one has

(4.32) ||A(h)Rj(t, hg(x)| < CNhN(t)_N, t>t,, j=1,2.

Here R,(z, h) is defined in Proposition 4.3 and g = a or b. From (4.22) it

follows that Ha(x){T(h)f(H(f) —fl(Hé’)(A ~S(t, h)"AS(t, h))}b(x)|| = O(h™)
uniformly in ¢ > ¢;. Now the desired results can be derived as in Proposition
4.6. The details are omitted. O

Proof of Theorem 2. Recall that x(f_lg)-f(h) is uniformly bounded in .& (Lz)
by the nontrapping assumption on J, (see [27]):

IXENTR) < C < +00,  hel0, Ayl

By an argument of density, it suffices to prove (1.9) for f, g € C;°(R"). Now
take a € C;°(R"), a(x) =1 for x near x,. Put

S = UWy(xy, &) S5 8, = UW,(xg, &8
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Then for 4 > 0 small enough, one has

(W, (xy, &) X ENT(WW, (xy, &) f » &) = (aT(h)x(Hy)af,, g,)-

Now (1.9) follows from Theorem 1 by the arguments already used in [27]. See
the proof of Theorem 6.3 in [27] and Theorem B in Appendix. O

APPENDIX. A SEMICLASSICAL EGOROV THEOREM

For the reader’s convenience, we state here a semiclassical Egorov theorem
used in this paper, which is a particular case of Theorem 3.7 in [22]. See also
[17] when b e s°.

Theorem A. Let b € S™, m € R. Then under the assumption (2.1) on
V,U(t, h)b(x, hD)U(t, h) isan h-w DO with symbol f(t, h) € S™°. More-
over, f(t, h) ~ Z;:o hjfj(t), where each (1) can be computed from b and the
Hamilton flow ¢' of (1.3). In particular, one has supp fj(t) c supp b(¢'), for

all j>0,and fy(t)=b(¢").
From Theorem A we can easily derive the following result.

Theorem B. Let b € S™ and U, be defined as in Introduction. Then for any
(X, &) € R and f € F(R"), one has

Jim W, (x,, &) Uy UL, h)"b(x, RD)U(L, YU, W, (%, &) f

=b(a(), p(1))f, in L'(R").
Here (q(t), p(t)) is a solution to (1.3) with initial data (x;, &) .

For the proof of Theorem B, one is referred to [22]. Notice that in [22]
the results are proved for Weyl y DOs. But there is a well-known equivalence
between different quantifications [17].

Acknowledgment. This work is partially supported by Chinese National Science
Foundation and by State Education Commission of China. The author also
thanks the referee for his suggestions on the organization of this paper.

REFERENCES

1. W. O. Amrein and M. Cibils, Global and Eisenbud-Wigner time-dealy in scattering theory,
Helv. Phys. Acta 60 (1987), 481-500.

2. W. O. Amrein, M. Cibils, and K. Sinha, Configuration space properties of the S-matrix and
time-delay in potential scattering, Ann. Inst. H. Poincaré Sect. A (N.S.) 47 (1987), 367-382.

3. V. Enss, Asymptotic completeness for quantum mechanical potential scattering. 1, Comm.
Math. Phys. 61 (1978), 285-291.

4. B. Helffer and D. Robert, Calcul fonctionnel par la transformation de Mellin et opérateurs
admissibles, J. Funct. Anal. 53 (1983), 246-268.



W

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

TIME-DELAY OPERATORS 415

. H. Isozaki, Differentiability of generalized Fourier transform associated with Schridinger
operators, J. Math. Kyoto Univ. 25 (1985), 789-806.

. H. Isozaki and H. Kitada, Modified wave operators with time-independent modifiers, J. Fac.
Sci. Univ. Tokyo 32 (1985), 77-104.

. —, A remark on the microlocal resolvent estimates for two-body Schrodinger operators,
RIMS, Kyoto University, 1986.

. A. Jensen, Propagation estimates for Schrodinger type operators, Trans. Amer. Math. Soc.
291 (1985), 129-144.

. A.Jensen, E. Mourre and P. Perry, Multiple commutator estimates and resolvent smoothness
in quantum scattering theory, Ann. Inst. H. Poincaré 41A (1984), 207-225.

. H. Kitada, A4 relation between the modified wave operators W;t and WDi , preprint 1986.

Ph. Martin, Time-delay of quantum scattering processes, Acta Phys. Austriaca Suppl. 23

(1981), 157-208.

V. P. Maslov and M. V. Fedoriuk, Semiclassical approximation in quantum mechanics,

Reidel, Dordrecht, 1981.

S. Nakamura, Time-delay and Lavine’s formula, Comm. Math. Phys. 109 (1987), 397-415.

H. Narnhofer, Time-delay and dilation properties in scattering theory, J. Math. Phys. 25

(1984), 987-991.

R. Newton, Scattering theory of waves and particles, texts and monographs in physics, 2nd

ed., Springer-Verlag, 1982.

M. Reed and B. Simon, Methods of modern mathematical physics. 111, Scattering theory,

Academic Press, New York, 1979.

D. Robert, Autour de [’approximation semiclassique, Progr. Math., No. 68, Birkhiuser,

1987.

D. Robert and H. Tamura, Semiclassical asymptotics for spectral density and time-delay

problem in scattering processes, J. Funct. Anal. 80 (1988), 124-147.

____, Asymptotic behavior of scattering amplitudes in semiclassical and low energy limits,

to appear.

A. V. Sobolev and D. R. Yafaev, On the quasi-classical limit of the total scattering cross

section in non relativistic quantum mechanics, Ann. Inst. H. Poincaré Sect. A (N.S.) 44

(1986), 195-210.

X. P. Wang, Etude semiclassique d’observables quantiques, Ann. Fac. Sci. Toulouse Math.

7 (1985), 101-135.

—, Approximation semiclassique de |'équation de Heisenberg, Comm. Math. Phys. 104

(1986), 77-86.

_—_, Phase space description of time-delay in scattering theory, Comm. Partial Differential

Equations 13 (1988), 223-259.

____, Time-delay operator for a class of singular potentials, Helv. Phys. Acta 60 (1987),

501-509.

——, Time-delay of scattering solutions and resolvent estimates for semiclassical Schrodinger

operators, J. Differential Equations 71 (1988), 248-296.

., Time-delay of scattering solutions and classical trajectories, Ann. Inst. H. Poincaré

Sect. A (N.S.) 47 (1987), 25-37.

—, Time-delay operators in semiclassical limit. 1,— Finite range potentials, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 15 (1988), 1-34.

K. Yajima, The quasi classical limit of scattering amplitude— L approach for short range
potentials, Japan J. Math. 13 (1987), 77-126.

DEPARTMENT OF MATHEMATICS, PEKING UNIVERSITY, 100871 BEUING, CHINA

FACHBEREICH MATHEMATIK, MA7-2, TECHNISCHE UNIVERSITAT BERLIN, D-1000 BERLIN 12,
FRG (Current address)



	0090397
	0090398
	0090399
	0090400
	0090401
	0090402
	0090403
	0090404
	0090405
	0090406
	0090407
	0090408
	0090409
	0090410
	0090411
	0090412
	0090413
	0090414
	0090415
	0090416
	0090417

